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Abstract—A parametric study is presented on the accuracy of stability data for axial compression
and torsion by classical and first-order shear deformation theories for laminated composite cylinders.
Comparisons of the data in the forms of curves of critical stress versus L/a (dimensionless wave-
length/radius ratio) are made with those by Biot’s theory, which is predicated on three-dimensional
elasticity. Two thickness/radius ratios were considered : Hja = 0.01 and 0.]. typical of thin and
thick shell geometries, respectively. First, a comparison of the data for a homogeneous, isotropic
cylinder was given to have a baseline for understanding the role of material anisotropy. Then, a
number of regular symmetric and antisymmetric laminates were considered, all laminate profiles
based on one material system only, that of £ /ET = 25. The data for thin geometries (H/a = 0.01)
showed that classical theory for laminated composite shells can be trusted to give accurate results
over a reasonably wide range of L/a. For the thick shell geometry, there were regions of relatively
good agreement and regions where classical and first-order shear deformation theories were not
appropriate.

INTRODUCTION

The characteristically low transverse stiffnesses in laminated composite materials render
them more susceptible to transverse shear and normal deformations. Classical plate and
shell theory disregards all such deformations and its range of validity for laminated com-
posite structures suffers in comparison to that for homogeneous, isotropic structures.
Refined theories account for these effects and currently many such theories are available,
each accommodating some level of transverse effects. By and large, the effectiveness and
range of validity of all theories for laminated composite plates and shells have not been
explored thoroughly with respect to the role of the transverse mechanical properties.

Herein, this type of investigation is reported on stability calculations for laminated
composite circular cylindrical cylinders. A parametric study is presented, which compares
the bifurcation loads of such cylinders under axial compression and torsion by (1) classical
theory, (2) first-order shear deformation theory, and (3) three-dimensional elasticity based
on Biot’s incremental theory (1965). The parameters of interest include the thickness/radius
ratio, number of plies comprising the laminate profile, and orientation of the elastic axes of
the constituent materials. Since three-dimensional theory is free of all kinematic hypotheses
underlying shell theories and may be regarded as exact, some quantitative sense of the
ranges of validity of classical and first-order shear deformation theories can be gained from
this study. The stability of such tubes by Biot’s theory was studied in a companion paper
by Dong and Etitum (1994).

Many stability analyses of laminated shells based on classical theory have been reported
in the literature. Comprehensive review papers by Ambartsumian (1974), Tennyson (1975)
and Simitses (1986) chronicle the state-of-the-art. With respect to the circular cylinder,
Simitses and Han (1991a, b) summarized the relevant literature and presented an extensive
parametric study on buckling under axial compression, lateral pressure and hydrostatic
pressure. Lou and Yaniv (1991) analysed the stability of composite cylindrical shells under
axial compression and bending and presented data comparing the results based on the
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theories of Love and Donnell. The numerical (and graphical) data in these references
provide insight into the roles of the length/radius (L/a) ratio, radius/thickness (a/H) ratio
and stacking sequence. While refined theories for laminated cylindrical shells have appeared
in the literature, applications to stability are limited. Simitses and Anastasiadis (1991)
conducted a parametric study on axial compression buckling of laminated cylindrical shells,
based on first-order shear deformation and higher-order theories. An important finding
from their investigation is that transverse shear deformations constituted the major cor-
rection beyond classical theory for cylinders that are moderately thick (their study was
limited to a/H > 15), confirming that shear is more important than transverse normal strain
in a priority of refinements. However, the accuracy of the stability data and/or the range
of validity of the various shell theories were not addressed. To clarify understanding of
these issues, shell theory results should be compared with that using three-dimensional
elasticity.

The laminated cylindrical shell equations for classical and first-order shell theories
used herein are those due to Dong et al. (1962) and Dong and Chun (1992), respectively.
In the next section, the equations for first-order shear deformation theory are summarized.
In the subsequent section, equations for classical theory are obtained as a special case by
dismissing transverse shear deformations. The terms related to the initial stress state entering
into the stability calculations are those belonging to Fliigge’s theory (1962).

Buckled shapes that are periodic in the axial and circumferential directions are sub-
stituted into the governing equations of equilibrium to formulate algebraic eigenvalue
problems. Periodic solution forms for laminated orthotropic or cross-ply cylinders pertain
to simply supported boundary conditions at the two ends of a cylinder. For angle-ply
cylinders, there is no meaningful physical analogue of simple supports. Nevertheless, these
results will be compared with three-dimensional elasticity data using the same solution
forms, thus the data are commensurable. The results appear in the form of plots of critical
stress (load) versus the normalized buckled wavelength.

It is recognized that initial imperfections in cylindrical shells play an important role in
buckling analyses, as evidenced by the voluminous literature as cited by Hutchinson and
Koiter (1970) for homogeneous, isotropic cylinders and Simitses (1986) for laminated
composite cylinders. Imperfections are not taken up here because the parameters chosen to
be studied will by themselves occupy considerable attention.

FIRST-ORDER SHEAR DEFORMATION THEORY

First-order shear deformation theory represents the initial correction of classical theory
in terms of a priority of corrections. Figure 1 shows a circular cylinder whose mean radius
is denoted by a. Adopt cylindrical coordinates (x, 8, r) with (x, #) spanning the adopted
reference surface of the laminated cylinder. Let (v, v, w) and (f,, 8,) denote the displacement
components and bending rotations with respect to the adopted reference. The kinetic
variables are the five force and three moment resultants (N,., Nog, No, Q. Qp, M s Mg, M )
defined by

(Nxx: Ntiﬂv Ner Q,w QG) = J (0.‘(.\'7 G065 Oxs Oxrs Gt‘)r) dr (1)
h

(Mxxa M897 M\'G) = J\ (O-x,\': oo O-x())r dr- (2)

h

The initial stress or prebuckled state is composed of given stress resultants (N.,, Ny, Nyg),
which herein is assumed to be uniform and in equilibrium.

The strain—displacement relations of first-order shear deformation theory for circular
cylindrical shells are
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L
Notes:  "a" denotes the mean radius of the cylindrical shell.
0° Ply Angle is parallel to the x-axis.
Fig. 1. Diagram of cylindrical shell coordinate system.
1 1
gxx = u,.n 889 = ;(U.H_'_ W)a yxﬂ = U,x+ ;u.B (3)
1 1
Kx = Brx>s Koo = ;l‘ﬁe,a, Keo = Boxt Eﬁx,ﬂ )
1
Vor = w,x+ﬁx5 Yor = E(W,G—v)-l_ﬂﬂa (5)

where (.., €49, ¥xo) and (k,,, Kgg, K4o) are the reference surface strains and changes of curva-
tures, respectively, and (y,,, ye,) are the transverse shear angles.
The inplane stress and moment resultants are related to the deformation measures by

=L olls] ©

Where NT = [Nxx’ NBG’ Nx(i]s MT = [Mxx’ MG()’ M\'G]’ ‘ET = [8.\:\'9 €905 '}’xG]’ and "T = [Kxxa Kogs Kx@]
and A,B,D in eqn (6) denote the 3 x3 submatrices of inplane, coupling and bending
stiffnesses defined by

(Aijy Bija D[j) =J ijk)(la r, rZ) dr (la.] = 1,23 6) (7)
h

with Qs as the reduced elastic moduli of the kth layer. In addition to constitutive relation
(6), there is a shear constitutive relation for a first-order shear deformation theory of the
form
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where (I'ss5, 'y, I'y5) are the transverse shear rigidities which may be defined in terms of the

integrals of transverse shear moduli (Q%, 0K, O%) over the laminate profile and shear
correction factors (k2,,k2,, k25) as

F55 = kgsASS, 1-44 = k§4A44, 1_‘45 = k35A45 (9)
(Ass, Asa, Ass) = f (Q(sks)aggk«a),szkg) dr. (10)
h

The values of the shear correction factors are discussed in the paper by Dong and Chun
(1992).

The stress and moment resultants satisfy the following five equilibrium equations
which are expressed with respect to the prebuckled equilibrium configuration:

_ {1
aN,, .+ N o—aN, u ., —2N gu .o— Ngg (E Ugg+ W,x) =0 (11)
_ _ 1.
ANy gx+ Nogo+ Qo —aN 0 . — 2N (U g — W) — p Nog(vgo—wg) =0 (12)

_ . 1 1 ,
an,x + QB,G - NGG + aN\‘xw,xx + 2Nx0 (v,x + W’,xO) - NBB (u,x - EU,B - ; W, 96) = O (1 3)

aMxx,x+Mx0,0_an = 0 (14)
aM g+ Moo —aQy = 0. (15)
Displacement equations of equilibrium are obtained by substituting strain—dis-

placement relations (3)—(5) and constitutive relations (6) and (8) in eqns (11)—(15). The
results expressed in abbreviated matrix notation are

[Ls] {us} = (Nxx[Lsgl ] + Nxﬂ[Lng] + NG@ [LsgS]) {ux} (16)
where

{“S}T=[u5vawaﬁx’ﬁﬂ] (17)

and [L], [L,,], [Ly.] and [L,,;] are 5 x 5 matrices of differential operators which are defined
in Appendix A.

CLASSICAL THEORY

Classical theory rests upon ignoring transverse shear deformations. Setting
Y = Y5 = 0 in eqn (5) gives the bending rotations as

1
ﬂx = =Wy, BG = - ;(W‘H—U)' (18)

Therefore, in classical theory there are only three kinematic variables, namely the reference
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surface displacements u, v, w. With the absence of shear deformation, shear constitutive
equation (8) has no role and only eqn (6) relating the extensional/bending deformations to
their corresponding forces and moments is relevant. The shear resultants can only be
determined by equilibrium considerations.

The strain—displacement relations for classical theory are

1 1
Exx = Uy, Ego = ;(U.6+W)’ Yxo = v,x+ Eu,ﬂ (19)

1
Kyx = — w,xx9 Kgg = — 7 (HZ.GG - U‘H)a Kw = —— (2w,x9 - v,x)' (20)
a a

Note that eqn (19) is identical to eqn (3), but eqn (20) is obtained from eqn (4) by means
of eqn (18). Since there is no transverse shear constitutive relation, it is necessary to
eliminate the shear resultants from equilibrium equations (11)-(14) to give

- - _ /1
aNxxJ: + N.\'G,B - aNxxu,.\'x - 2Nx0u.x6 - NBG (a u,99 + w.x) = 0 (21)

1 _ _ 1.
aNxG,x + NGG,G + MxB,x + ; MHH,H - aNuv,xx - ZNXF)(U.XU - W,x) - ; N99(U'99 - W.H) = 0
(22)
1
aMxx,xx + 2Mx9,x6 + ; MBH,E)O - NHG + aNxx Wik

- _ 1 1
+2N (W o+ ) — Nog (u,x - ;U,()_ Ew,ee) =0. (23)

Displacement equations of equilibrium are obtained by substituting eqns (19), (20)
and (6) into eqns (21)—(23). In abbreviated matrix notation, they take the form

[LL] {uc} = (Nxx [Lc;ql] + Nrﬂ [ch2] + NHO [chB]) {uc} (24)
where {u,} is the vector with three displacement components, i.e.
{u}? =[u,v, ], 25)

and [L], [L.], [L.2] and [L,,3] are 3 x 3 matrices of differential operators which are defined
in Appendix B.

STABILITY ANALYSIS—THE EIGENVALUE/EIGENVECTOR PROBLEMS

The buckled mode shapes are taken as periodic functions in the axial and cir-
cumferential directions. The solution forms for classical and first-order deformation theories
are
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U
{u} =| V |exp {itkx+nb)} = {U.} exp {i(kx+n0)} (26)

<

{u} = exp {i(kx+n0)} = {U,,} exp {i(kx+nb)}. (27)

Substituting these forms into eqns (21)-(23) and (11)—(15) gives, respectively,
[K(k,m{U,} = A(R[Kg (k, m)]+ Ry [Keyo (k, )] + Ra[K.gs (k, D{U., } (28)
[Ks (k~ n)] { Um} = A (Rl [Ksyl (k’ n)] + RZ [ngl (k’ n)] + R3 [ng3 (k, n)]) { Uso} (29)

where the elements of all stiffness and geometric stiffness matrices in eqns (28) and (29) are
given in the two Appendices, and R;, R,, R, are defined as

R, = N.xx/A, R, = NHH/As Ry = Nxa//A (30)

and A is the eigenvalue parameter representing the ratio of the critical stress state to the
given initial stress state. An examination of the forms of all matrices in eqns (28) and (29),
as given in the two Appendices, shows that they are hermitian. Therefore, real eigenvalues
are contained in these algebraic eigensystems. The eigenvectors, which may be complex,
represent the relative modal amplitudes of the periodic buckled shapes.

HOMOGENEOUS, ISOTROPIC CYLINDER

In this section, the critical stresses for a homogeneous, isotropic cylinder under uniform
axial compression and torsion by the three approaches are compared. The stability data
appear as curves of critical dimensionless axial and shear stresses, N,,./EH and N,./EH,
versus normalized wavelength L/a. On these curves, the circumferential mode numbers
associated with the critical stresses are also indicated. By assessing the accuracy of the
stability data for a homogeneous, isotropic cylinder, a meaningful baseline is established
for observing the role of material anisotropy in laminated composite cylinders. In this
study, Poisson’s ratio v was taken as 0.3. Two thickness/radius ratios were considered :
Hja = 0.01 and 0.1 representing thin and thick shell geometries, respectively. The values of
the transverse rigidities and shear correction factors in the first-order shear deformation
theory are I'ss = Iy, = 0.3846, [';s = 0 and k3 = k2, = 5/6and ki5 = 0.

The axial compression data appear in Fig. 2. For H/a = 0.01, excellent agreement
between the three approaches is seen over the entire L/a range. For H/a = 0.1, the cor-
relation is reasonably good for L/a > 0.5. It is pointed out that for large L/a, the asymptotic
character of the critical stress for both thick and thin shell geometries abides by Euler’s
column formula, i.e. it is proportional to (L/a)*. This behavior is reckoned from the slope
of the critical stress curves, which on a log-log basis, gives the exponent 2.

The torsion data comparison is shown in Fig. 3. The initial torsion state used in Biot’s
theory is a linearly varying shear stress through the thickness with its force resultant
equivalent to the value of N, that is used in the shell theories. The agreement between the
three approaches suffers in comparison with respect to the axial compression data. For
both H/a cases, the shell theories underpredict the critical stress. In the large L/a range,
there is a uniform difference between the elasticity results and those of the shell theories.
One important comment regarding the behavior in the large L/a range needs to be made.
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Fig. 2. Axial compression stability of a homogeneous, isotropic cylinder.
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Fig. 3. Torsional stability of a homogeneous, isotropic cylinder.

The calculations show the critical shear stress to be associated with circumferential mode
n=1. It is well documented that this modal behavior is precluded if some kinematic
restraints are present at the ends of the cylinder [see Fliigge (1962) or Brush and Almroth
(1975) for examples]. For this mode to eventuate, the two ends must rotate in opposite
senses so that the nodal lines are helices on the cylinder’s surface. Nevertheless, the com-
parative data are meaningful to the extent that commensurate conditions were used in all



1238 P. Etitum and S.B. Dong

Table 1. Transverse shear rigidities for laminated composite cylinders

Laminate profile =~ Number of layers I'ss T Iys
Cross-ply 2 0.353020 0.353020 0.0
3 0.394147 0.322227 0.0
+45° 2 0.353030 0.353020 0.0
Angle-ply 3 0.358187 0.358187 0.035460
+30° 2 0.355000 0.357300 0.0
Angle-ply 3 0.376106 0.339263 0.007012

three approaches. For laminated composite cylinders discussed in the subsequent section,
this observation also applies.

In both cases of axial compression and torsion, the data for H/a = 0.1 in the range
Lja < 1 show a complete lack of correlation. In this region, the displacement distributions
based on Biot’s theory reveal the presence of considerable transverse normal and surface
shear deformations, which are obviously beyond the realm of the shell theories. Plots
illustrating this behavior in (+45°) laminated composite cylinders appear in Figs 7 and 8§,
so that no diagrams are given for the homogeneous, isotropic cylinder.

LAMINATED COMPOSITE CYLINDERS

Comparisons of stability data for laminated composite cylinders under axial com-
pression and torsion data are presented in this section. In this study, only one material
system was considered, whose properties are
L 925 T _ o5 S;II-04 — —

=25, =0.5, =04, vy =025 v =025 (31)
Er
The laminate profiles based on this material to be studied include regular symmetric (three
layers) and antisymmetric (two layers) cross-ply and angle-ply (+45° and + 30°) laminates.
In Table 1 are given the transverse shear rigidities I'ss, I'y, I'ys used in the first-order shear
deformation theory. These shear rigidities were determined using a methodology given by
Dong and Chun (1992). Again, only two thickness/radius ratios were considered, i.e.
Hja = 0.01 and 0.1, where H represents the total thickness of the laminate profile.

Dimensionless axial stress curves N.,./ErH versus L/a are shown in Figs 4-6. [t is
remarked that the initial state used in the Biot’s theory calculations involve a uniform axial

Hfa=0.1 Hfa =01
05 BIOT'S  1stSDT CLASSICAL
THEORY THEORY

-y BIOT'S 15t SDT CLASSICAL P U
4 13 THEORY THEORY I

02 p

0.05

Hfa =0.01
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THEORY THEORY Hfa = 0.01
.............. BIOT'S  1stSDT CLASSICAL
THEORY THEORY

0,005 r
E|/Ep =25; G /B =0.5; Gpp/Ey =04 oot

Vi =0.25 Vo =025
LL 1 ) 1.
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AL L 0.005 VLT: 0.25; .VTT =.0‘25 :
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0.002

Fig. 4. Axial compression stability of regular symmetric and antisymmetric cross-ply cylinders.
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Fig. 5. Axial compression stability of regular symmetric and antisymmetric (+45") angle-ply
cylinders.

strain over the total cross-section. For both angle-ply cylinders, this strain state translates
to a uniform axial stress state over the entire cross-section. For the cross-ply laminates, the
axial stresses in the (0°) and (90°) ply orientations are proportional to E, and Er, respec-
tively, and the integrals of the stress over the cross-section are equated to the axial force
N, the value used in the shell theories. For H/a = 0.01, the data from all three approaches
agree remarkably well over the entire L/a range. For H/a = 0.1, the correlation suffers by
comparison to that for H/a = 0.01. For discussion purposes in the thick geometry case,
three distinct L/a regions may be identified: (1) Lia < 1;(2) 1 < Lja < 15; (3) L/a > 15.
In the second range, i.e. 1 < L/a < 15, the data for all laminates agree reasonably well,
although not to the same degree as the homogeneous, isotropic cylinder. For L/a > 15, the
shell results for the angle-ply cylinders, both (+45°) and (+30°) cases (Figs 5 and 6)),
converge onto curves that are different to those by Biot’s theory, and the difference in the
critical axial stress grows with L/a. This behavior is absent in the cross-ply cylinders in Fig.
4. For L/a < 1, there is no correlation between the three approaches. Moreover, the classical
theory data appear to be closer to the elasticity results than the first-order shear deformation
theory data, which is fortuitous. In Figs 7 and 8, the displacement plots over the laminate
thickness (by elasticity theory) for the two and three layer (+45°) laminate profiles for
L/a = 0.1 indicate the presence of considerable normal and surface shear deformations.
Neither effect is modeled by the kinematics of the shell theories.

Torsion data showing dimensionless shear stress N,../ErH in terms of L/a are shown
in Figs 9-11. Since the shear moduli in each laminate profile is homogeneous over the
thickness, the initial shear stress state in Biot’s theory follows the elementary torsion
formula, i.e. linearly varying stress in the radial direction. A study of the curves in Figs 9—
11 shows that the correlation is qualitatively similar to that for the homogeneous, isotropic
cylinder except with slightly more scatter. It was noted that for the homogeneous, isotropic
cylinder, the elasticity data exhibit a uniform difference to that by the shell theories in
the large L/a range, and this feature is in evidence again for the laminated composite
cylinders. In this range, there is a difference in the results for H/a = 0.1 and 0.01 in the
angle-ply cylinders, as each geometric ratio case converges onto its own curve independent
of the shell theory. In other words, the geometrical parameter H/a appears to have a larger
role in the large L/a range. Moreover, this feature is absent in the data for cross-ply
cylinders, indicating ply orientation as another influence. However, these observations must
be tempered by noting that the data pertain to circumferential mode number # = 1; recall
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Fig. 7. Displacement eigenvectors for axial compression stability of a regular antisymmetric (45%)
two layer angle-ply cylinder.

that realistic end restraints may alter the conclusion regarding this difference between cross-
ply and angle-ply cylinders. In the short L/a range, there is essentially no correlation of the
data for H/a = 0.1. For the torsion loading condition, the first-order shear deformation
theory data lie closer to that by elasticity, which again is fortuitous. Displacement dis-
tributions by Biot’s theory (not given here as they are similar to the axial compression case
as presented in Figs 7 and 8) show considerable transverse normal and surface shear

deformations.

Stability data and displacement plots for symmetric and antisymmetric profiles, with
the number of layers ranging up to six and seven, may be found in the doctoral dissertation
of Etitum (1993). In general, the behavioral trends by the two shell theories and elasticity

are approximately the same as those presented herein.
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Fig. 8. Displacement eigenvectors for axial compression stability of a regular symmetric (45°) three
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Fig. 9. Torsional stability of regular symmetric and antisymmetric cross-ply cylinders.

CONCLUDING REMARKS

A parametric study was presented on the accuracy of stability data for axial com-
pression and torsion for laminated, anisotropic cylinders by classical and first-order shear
deformation theories. The comparison was made with results by Biot’s theory, which is
predicated on the hypotheses underlying three-dimensional elasticity and taken as the bases
herein. The study considered a number of regular symmetric and antisymmetric laminates
based on one material system only, where E,/E; = 25. Two thickness/radius ratios,
H/a = 0.01 and 0.1, were considered, where these two values were chosen to be representative
of thin and thick shell geometries.

This study showed that for thin geometries (H/a > 0.01), classical theory for laminated
composite shells can be trusted to give accurate results in the range 0.5 < L/a < 30. In the
same L/a range, the comparisons for H/a = 0.1 exhibited reasonable correlation, but the
laminated anisotropic data were qualitatively poorer than the homogeneous, isotropic data.
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Fig. 10. Torsional stability of regular symmetric and antisymmetric (+45°) angle-ply cylinders.
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Fig. 11. Torsional stability of regular symmetric and antisymmetric (+30°) angle-ply cylinders.

In the long Lja range, there were differences between the results by the shell theories
and elasticity for both axial compression and torsion loading conditions, which suggests
shortcomings in the kinematic fields of the shell theories. In the short L/a range for the
thick shell geometry case, a complete lack of correlation was witnessed. Displacement
profiles by elasticity theory indicate the presence of transverse normal and surface shear
deformations in this L/a region. It is conjectured that by using a higher-order theory
accommodating both normal and shear deformations, this gap between a technical theory
approach and elasticity might be lessened.
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APPENDIX A

The differential operators, stiffness, geometrical stiffness and mass matrices for the first-order shear defor-
mation theory are defined in this Appendix.

[L,] operator
24 A
L) =410t m()m"’ 66()60

A+ A4 A
Li:() = Lo () = A1)t -171—66() vu+ 2 ()ua

Ay
Los() = mo——(Ap() 4 (),,)

2B,
LasO) = L O = B, O+ “<>m+ Gm,,
B,+ B B
LisO = Lis() = Byt =220 () =0
2 ’6
Lix() = Aee )+ — O, m+ ()nu ()

A, FM
L,m()=L532()—~((A76+r4s)() 44T ()g,)

B..+B B I
Loa() = La2() = Bie() o+ = 66()\41 26()0{)4‘445()
: 2B B,, r
Los() = Lisy() = Beg (Yo + 26()\U+ = ()(m"‘i()
Ay ZF 5 r
La()==7 0w~ =2 Oao

B, 1/B,

Lis() = 543()—<———F55>() + - < : )()o
1/B

L;ss() = L3 () = ( —F45>() + - (%—ra«s)(),u

Dlh

2 D
Lus() =D, ()t Ot 7(;6()_00_1_550

D D
Lis() = Lesa() = D16 () e+ —”‘FE()Y(H’ ()lh’)‘r45()

SAS 32-8/9-0
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2D,
a

D
Liss() = Dge() e+ O+ f()w—na().

[Legi]- operator

Ly () = Ly 2:() = —Lyy133() = ()., allotherL, s are zero.

[Lego] operator
2
L.\'g27ll() = L:y2~22() = Lng—]B() = ;().xﬂ
2
Lyr3:0) = =Ly () = ;()n all other Ly, ;s are zero.

[Lsgsl operator

1
LsgS--] () = L\ngzz() = —L1y3/33() = ; ()ﬁy
1
Lsg3732() = - Lsga—zz 0= a_2 O
1
Ly 13() = —Lys () = 2().)(, all other L3 ;8 are zero.

The stiffness matrix [k (k, #)] in eqn (29) is complex, i.e.
fhes(k, m] = [k (k, m)] +ifks(k, m)],
whose nonzero real and imaginary components are

ki = Ay k2 + 24, kA + Ao

koiz = kyn = A6k + (A 12+ Ag )i+ Ay
koo = kyar = Bi1k* + 2B, ki + Boo i

ks = kysi = Bi6k® + (B, + Bgo)kii+ Byt

r
ke = Agek® +2A35kit+ At + —2
a

, I
kyzs = kyar = Biok® +(By + Bog)kii + Byt — —

| Y

kgas = kys: = Byok® + Byskfi+ Byyi® — Py
Az ) ~ L,

ksy = —~ +Tssk? + 204 skA+ Ty
a

kyas = D k> +2D\gkit+ Dgoi* + T s
ks = ks = D\ 6k” + (D13 + Dgg)kii+ Dy i* + Ty

kyss = Dggk® +2D,6kii+ Dyt +T 44

1
ks = —kiay = —E(Anzk'*'Azen_)
1
ks = —Kipn = — ;((A26+1—45)k+(/422 +144)7)
B B
ks = —koaz = (J —1—‘55>k+(*ZE —F45)r‘l
a a

B, B
k35 = —k,53 = ( 26 —F45)k+<—f —r.,4)ﬁ.

a

The geometric stiffness matrices in eqn (29) have the forms

(ke ()] = kg ()]
[ksga (k, 1)] = [igac ke, M) 1 kg, )]
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lhyga (e, )] = [heggs, (K, )] +1 [y (ke )]
whose nonzero real and imaginary components are
kxg]rfll = k.:gIFZZ = _k.rglr733 = k%
There are no imaginary components in [K,,].

ks_qzml = ngZr—ZZ = k.\'ngffB = 2kn

2k
k.rgZFH = —k.rgZFSZ = 7
kxg]rfll = ksg3rv22 = s931-33 = w
k
k.vg?aifll = —ksgai-m =-
a
kyg3i723 = —kxgllfSZ = E
where k = n/L and 7 = n/a.
APPENDIX B

The differential operators, stiffness, geometrical stiffness and mass matrices of classical theory are defined in
this Appendix.

[L.] operator

24 A
L Q=40+ Ie()vﬂ‘f'i()ou

B B\, +B
Lm()=L<.21<>=(A,6+ )(>Y.+ (AwAm%)

1 B
Ot a—2 <A26+ %)().ou

26 3316 BIZ 2866 BZG
Lys() = mo——(Alz() +2 ()) B O 2O~ —;f—()m =200

B, D 2 2B, D 1 2B D
Lm()=<A6f,+—+ “)()w;(Am =+ “)()w (Au+ =+ “)(m
B 1 D
Loy() = m()——(AmJﬁ)() +— (Au+ )()g <B,5+—a'—-)().m

1 D,,+2D 3 D 1
2 (BIZ +2Bg6+ _lg“‘“z-‘ﬁ)().xxﬂ o (st + 26) O xoo— e (Bzz + >() 060

A22

2B
133()‘—()F_<Bl2()\'v+ 2

Ouet ”() >+D..(),m + 220 e

2D,,+4D 4D D,,
+"‘u()utm 26()x60()+ ()aees
4

[Legi] operator

L) = Legi22() = —Lg133() = O all other Ly, ;s are zero.

[Leg2] operator
2
chz—l () = chzfzz() = chz—as () = Z ( ),m
2
Ligz32() = —Lggaas() = p ()..» allother L, ;s are zero.
[Legs] operator

1
chafn() = chafzz() = —cha-n() = ;;().03

1
chafzz() = "Lc_qs-zs() = a_z(),o






